The total chromatic number of an arbitrary graph is the smallest number of colours needed to colour the edges and vertices of the graph so that no two adjacent or incident elements of the graph receive the same colour. In this paper we prove that the problem of determining the total chromatic number of a k-regular bipartite graph is NP-hard, for each fixed k > 3.
Introduction
A k-total colouring of a simple graph G is a colouring of the vertices and edges of G with k colours so that no two adjacent or incident elements have the same colour. The total chromatic number xT(G) of G is the least k such that G has a k-total colouring. Clearly xT(G) > d(G) + 1, where A(G) is the maximum vertex degree of G. It is a long-standing conjecture [l, 91 that X=(G) < A(G) + 2. For example, it is easily seen to be true if G is bipartite. Consider the following problem: problems with 'good certificates', that a problem is NP-hard if it is at least as hard as any problem in NP, and that a problem is NP-complete if it is both in NP and NP-hard. We shall prove an extension (also in [7] ) of the result just noted that the problem TOTAL COLOURING is NP-complete. For k 3 3 consider the following problem: 
complete.
For k= 2 the problem is easily shown to be polynomially solvable (see [2, Theorem 121). The above discussion mirrors results for edge colourings.
A k-edge colouring of a graph G is a colouring of the edges with k colours so that no two incident edges have the same colour. The edge chromatic number (chromatic index) x'(G) is the least k for which G has a k-edge colouring. Clearly, x'(G) > A(G) and Vizing's celebrated theorem states that x'(G)< A(G)+ 1. Determining x'(G) is NP-hard. Indeed, for k>3 consider the following problem:
k-REGULAREDGECOLOURING
Instance: A k-regular graph G.
Property: Is G k-edge colourable?
This problem was shown to be NP-complete by Holyer [S] for k = 3 and by Leven and Galil [6] for k >4.
In Section 2 we generalize some results from [S] and build up the components used in the constructions in our proof. Then in Section 3 we give the proof of our theorem which will be obtained by a reduction from the problem ~-REGULAR EDGE COLOURING to 
The components used in the constructions
For t > 3 let the graph S, be obtained from the complete bipartite graph K,-f,t by adding a pendant edge to each of the t vertices of degree t -1. Then S, is a bipartite graph with 2t-1 vertices of degree t and t vertices of degree 1 (see Fig. 1 where the graph S3 is shown). Thus, S, has bipartition B and B' as follows: B={al, . . . . a,-I,c, .
-.r t} (sums are taken mod t). To prove part 2 let us assume that there exist a (t + 1)-total colouring of S, in which two pendant edges, say (ci, bi) and (cj, bj), are coloured differently. Consider the graph S' constructed from S, by deleting the remaining pendant edges. Thus, the graph S' has a (t+ 1)-total colouring in which the two pendant edges have different colours.
Note that any colour class in this colouring with more than t elements must contain at least one of the vertices ci or Cj. Therefore, the number of elements of S' that have been coloured is at most 2(t + l)+(t -1)t. However, S' has tZ + t + 3 elements, and this is a contradiction. 0
The second statement of this lemma can also' be deduced from a more general theorem proved in [4] . Next we construct the bipartite graph H, by putting together two copies of the graph S, and identifying t -2 pendant edges of the first copy with t -2 pendant edges of the second copy. Note that H, has all degrees t except for the endpoints of the 4 pendant edges, two of which are connected to each part of the bipartition. The graph H3 and the scheme which will represent the graph H, are shown in Fig. 2 . A partial k-total colouring is a colouring of some of the vertices and edges so that no two adjacent or incident elements have the same colour. An easy consequence of Lemma 2.1 is the following result.
Lemma 2.2. Let t > 3.
(1) Consider a partial (t + 1)-total colouring of the graph H, in which the four pendant edges are coloured the same and the four pendant vertices are not coloured all the same (and nothing else is coloured). Then this extends to a (t + l)-total colouring of H,. t or 2,1,3 , . . . , t; the white nodes of the 'right' copy of S, are coloured 1 ,..., t-2,t-1, t or l,..., t-2,t,t-1. 0
The main component used in [S] is the 'replacement' graph R, constructed as follows (see Fig. 3 ). First replace each vertex of the complete graph K4 with a copy of the graph H3. Insert a new vertex in every edge of the original K,. Finally, add three 'cross' edges. We need the following result. Proof. In order to prove part 1 extend the given partial 4-total colouring as shown in Fig. 3 , and use part 1 of Lemma 2.2 with t =3. Part 2 follows from part 2 of Lemma 2.2 0
Finally, we define a 'forcer' graph. For integers n > 2 and k 2 3 construct the forcer graph, Fn,k, with 2n pendant edges by linking n copies of the graph Hk in a cycle as shown in Fig. 4 . Observe that Fn,k is bipartite with parts (implicitly) labelled black and white. Observe also that Fn,k has all vertex degrees k or 1 and that n pendant vertices are black and the other n are white.
Lemma 2.4. Consider the graph F = Fn,k, where n > 2 and k 2 3.
(
1) Consider a partial (k + l)-total colouring of F in which each pendant edge is coloured the same (say with colour 1) and each pendant vertex is coloured (and nothing else is coloured). Then this extends to a (k + l)-total colouring of F.
(2) In any (k + l)-total colouring of F each pendant edge has the same colour.
Proof. Part 2 follows easily from part 2 of Lemma 2.2, so let us consider part 1. Extend the given partial colouring by colouring each edge on the 'big cycle' with colour 1. Choose a 'first' graph Hk on this cycle. Temporarily colour with the same colour as a pendant vertex w the vertex v in this graph adjacent to the vertex x in the 'second' Hk on the right. Now start with the second Hk and extend the partial (k + l)-total colouring around the cycle moving right, if necessary recolouring vertices on the cycle. By part 1 of Lemma 2.2 we can always do this, at least until we come back to the first graph. But now we can forget the colouring of v and complete our task, again by part 1 of Lemma 2.2, since vertices v and x do not have the same colour. 0 
Proof of the theorem
For simplicity, we shall break the proof into two parts. We consider first the case k = 3. Given a cubic graph G we will show how to construct a cubic bipartite graph G' which is 4-total colourable if and only if G is 3-edge colourable.
Suppose that G has n = 2p vertices. The construction of the graph G' is carried out with the following procedure:
(1) Construct an Eulerian graph G" from G by adding a new vertex u* and joining u* to every vertex in G. Find an Eulerian cycle of G" and orient the edges along it.
(2) Split up the vertex u* into n vertices. Identify the p edges directed towards pendant vertices in the resulting graph with the p pendant edges with a black endpoint of a forcer graph FpV3, and the p edges directed away from pendant vertices with the remaining p pendant edges in F,, 3.
(3) Finally, replace each vertex u of the original graph with a copy of the replacement graph R of Fig. 3 (with directions on edges being respected).
The above procedure is depicted in Fig. 5 . It is easy to see that the resulting graph G' is cubic and bipartite. We must show that G is 3-edge-colourable if and only if G' is 4-total-colourable.
.
We dispose of the "if" part first. Consider a 4-total colouring of G'. By part 2 of Lemma 2.4 the n edges connecting the graph Fp,3 to G are coloured the same. Therefore, all we have to ensure is that the four pendant edges of each replacement graph receive different colours; this is a consequence of part 2 of Lemma 2.3. Therefore, G is 3-edge-colourable. Now consider a 3-edge colouring of G with colours 1,2 and 3. This yields a colouring of the corresponding edges of G'. Colour with colour 4 the edges that were pendant edges of the forcer graph. Extend the partial colouring to each replacement graph R in turn, if necessary recolouring vertices adjacent to pendant vertices. (Thus, once we have total coloured a copy of R the colouring of each of its edges and vertices is fixed except for the colours on the pendant vertices.) We can do this by part 1 of Lemma 2. One part is easy by part 2 of Lemma 2.4. If G' is (k +2)-total coloured all the pendant edges of Fn,k+l are coloured the same and these edges are incident or adjacent to every element of G. Hence, G is (k+ 1)-total colourable.
Suppose now we have a (k + 1)-total colouring of G with colours 1, . . . , k + 1. Then we can use the colour k + 2 to colour the 2n pendant edges of F,,,+ 1. By part 1 of Lemma 2.4 this partial colouring can be extended to a (k+2)-total colouring of F n,k+l. Hence, the entire graph G' can be (k +2)-total coloured.
